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Abstrat
We show that there is an one-to-one orrespondene between reso-
lutions (equivariant w.r.t. a Lie groupoid ation) of a singular subset
of a manifold, and substaks (of a ertain type) of the dierential stak
assoiated to the Lie groupoid in question. In partiular, we show how
to build a resolution out of Lie subgroupoids (of a ertain type).
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1 Introdution
Dierential staks are, from the very beginning, a way to get rid of singu-
larities (of a quotient spae, of a foliation and so on). This artile intends
to onvine the reader that there is also something in ommon between dif-
ferential staks and resolutions of singularities where "resolutions" has to be
taken in the sense it has in Hironaka's Big Theorem.
We should however onfess that we are not able to say anything interesting
in the very general ase of arbitrary resolutions of singularities, but we laim
to have a non-trivial lassiation result for the ase of resolutions equipped
with some additional symmetry (like a group ation, a Poisson or a sympleti
struture.) Our preise laim is that equivariant resolutions of singularities
inluded in the unit manifold of a Lie groupoid Γ are lassied by some
lasses of substaks of the dierential staks assoiated to Γ. (Exatly as
dierential staks are Lie groupoids modulo Morita equivalene, dierential
substaks are Lie subgroupoids modulo Morita equivalene). Working out
this orrespondene more aurately, we give a ditionary between the prop-
erties of the equivariant resolutions and the properties of its orresponding
substaks. More preisely, we give a ditionary between the properties of the
equivariant resolutions and the orresponding subgroupoids, whose quotient
modulo Morita equivalene form the substak in question.
The rst issue that one has to fae is that resolutions of singularities and
dierential staks do not belong to the same branh of mathematis: resolu-
tions of singularities form a hapter of algebrai geometry, while dierential
staks are objets within dierential geometry (real or omplex). Indeed, we
shall suggest a reasonable notion of resolution of singularities in the setting
of dierential geometry, whih ontains the algebrai ones (over R or C) as
a partiular ase. The orrespondene that we are then going to establish
is between some well-hosen substaks of dierential staks and equivariant
resolutions of singularities, as now dened in dierential geometry.
One may argue that it would be more interesting to remain inside alge-
brai geometry, and to deal with algebrai staks, or rather, with algebrai
groupoids. The author totally agrees with this objetion, and would like
simply the reader to allow him to postpone this study to a future work.
The author also totally agrees with the fat the present artile laks of on-
vining examples. But they exist, of ourse. As shown in [4℄, sympleti
resolutions, as dened by Beauville [1℄, as-well as Poisson resolutions, as
dened by Baohua Fu [2, 3℄, form lasses of examples of equivariant resolu-
tions,(equivariant w.r.t. a sympleti Lie groupoid), whih are onstruted
out of Lie subgroupoids. Indeed, these sympleti resolutions form the initial
motivation: the present work should be onsidered both as a preliminary to
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[4℄ (where these examples are studied), but also as an answer to some ques-
tion raised in [4℄. In partiular, it gives a way to determine whether or not
the resolutions assoiated to two dierent Lie subgroupoids are isomorphi
as resolutions.
The paper is organized as follows. In setion 2, the objet that we are going
to desingularize, namely losure of Γ-invariant submanifolds, is introdued,
together with the orresponding notion of resolution of singularities, namely
equivariant resolutions. More preisely, these objets are introdued in 2.1,
and their good behavior under Morita equivalene is studied in 2.2. Substaks
and their various sublasses are introdued in setion 3. The orrespondenes
between equivariant resolutions and some lasses of substaks is then detailed
in setion 4, a setion entirely devoted to the proof our main result, namely
Theorem 4.15.
We will always make use of the following onvention about Lie groupoids:
Convention 1.1. The notation most often used to denote a Lie groupoid
is Γ ⇒ M , a onvenient way to provide the reader the names of both sets
of arrows and objets, and whih underlines on the role of soure and target
maps, represented by the two parallel arrows. The shorthand Γ may be used
instead of Γ ⇒ M . Of ourse, the strutural maps s, t, ε, µ, inv (i.e. soure,
target, unit, produt, inverse) are not expliitly referred to in that notation,
but this ambiguity shall never be an issue, sine, anyway, we never have to
onsider two dierent groupoid strutures on the same pair of sets (Γ,M),
whih allows to use the notations s, t, ε, µ, inv to denote the strutural maps
of all Lie groupoids that we shall meet in the sequel. For a given groupoid
Γ ⇒ M , and for I, J ⊂ M , we introdue ΓI := s
−1(I),ΓJ := t−1(J), and
ΓJI := ΓI ∩ Γ
J
. When I = {x} or J = {y} redue to a point, the shorthands
Γx,Γ
y,Γyx will be used instead of Γ{x},Γ
{y},Γ
{y}
{x}.
Also, M will be most of the time onsidered as a submanifold of Γ (in parti-
ular, no notational distintion between m ∈M and ε(m) ∈ Γ will be made).
2 Equivariant resolution of the losure of Γ-invariant
submanifolds.
2.1 Denition of an equivariant resolution in dierential ge-
ometry
In the ontext of algebrai geometry, a resolution of an ane or projetive
varietyW is pair (Z, φ) where Z is a smooth (= without singularities) variety,
and φ : Z → W a regular map from Z to W , whose restrition to φ−1(Wreg)
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is an isomorphism onto Wreg (here, Wreg stands for the regular part). We
shall say that this resolution is surjetive if φ(Z) = W , and proper if φ is a
proper map. Notie that a proper resolution is always surjetive. Notie also
that surjetivity or properness is often taken as part of the denition in the
literature.
In the ontext of dierential geometry, we suggested in [4℄ to mimi the
previous requirements as follows: what plays the role of W is the losure S¯
of an embedded submanifold S in W , the role of the regular part Wreg being
then played by S itself. We shall try to desingularize these objets. By the
resolution of the later, in view of the analogous algebrai ase, we suggested
in [4℄ the following:
Denition 2.1. Let S¯ be the losure of an embedded submanifold S of a
omplex/real manifold M . A resolution of S¯ is a pair (Z, φ) where Z is a
omplex/real manifold and φ : Z → M is a holomorphi/smooth map suh
that
1. φ−1(S) is dense in Z,
2. the restrited map φ : φ−1(S)→ S is an biholomorphism/dieomorphism.
We say that this resolution is surjetive if φ(Z) = S¯ and proper if the map
φ is proper.
Note that, the submanifold S being assumed to be embedded, S is an open
subset of S¯. We immediately onnet this new notion with the traditional
one.
Proposition 2.2. A resolution (resp. surjetive resolution / proper resolu-
tion), in the sense of algebrai geometry over the eld C or R, of an irre-
duible ane variety W ⊂ CN or W ⊂ RN , is a resolution (resp. surjetive
resolution / proper resolution), in the sense of Denition 2.1 taken in the
holomorphi or smooth ontext, of the losure of Wreg.
Proof. To start with, notie that Wreg is a (smooth / holomorphi) sub-
manifold of R
N
or C
N
, with losure Wreg = W (the losure being taken
w.r.t. the usual topology). Let (Z, φ) be a resolution in the sense of alge-
brai geometry. First, φ−1(Wreg) is a non-empty Zariski open subset, and
is therefore dense for the usual topology in Z. Seond, the restrited map
φ : φ−1(S) → S is biregular, it is therefore also a biholomorphism or the
smooth map, depending on the base eld. Hene it forms a resolution in the
sense of Denition 2.1.
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Surjetivity of the resolution has exatly the same meaning in algebrai,
holomorphi or smooth ontext. Moreover, if (Z, φ) is proper is the sense of
algebrai geometry, then it is also proper with respet to the usual topology,
see [8℄ setion I.5.2.
A morphism from a resolution (Z1, φ1) to (Z2, φ2) is a map Φ : Z1 → Z2 suh
that φ2 ◦ Φ = φ1. The restrition of Φ to φ
−1
1 (S) oinides with φ
−1
2 ◦ φ1.
By density of φ−11 (S) in Z1, if two resolutions are isomorphi, then there is
one and exatly one isomorphism between them. This justies the following
onvention.
Convention 2.3. From now, we shall identify two isomorphi resolutions.
Singular spaes that we shall be interested in are Γ-stable submanifolds of
the base manifold M of a Lie groupoid Γ ⇒ M . More preisely, a subset
S ⊂M is said to be Γ-stable if and only if for all γ ∈ Γ
t(γ) ∈ S ⇔ s(γ) ∈ S.
Equivalently, a subset S ⊂ M is Γ-stable if and only if it is a disjoint union
of Lie groupoid orbits. We start with a Lemma.
Lemma 2.4. Let Γ ⇒ M be a Lie groupoid. For all embedded Γ-stable
submanifold S of M , its losure S¯ is Γ-stable.
Proof. For every m ∈ S¯, γ ∈ Γ with t(γ) = m, there exists a neighborhood
U of m and a loal setion σ : U → Γ through γ ∈ Γ of the target map
t : Γ→M . Let (un)n∈N be a sequene of points in S onverging to m, then
the sequene vn : n 7→ s ◦ σ(un) is a sequene onverging to s(γ). Sine S is
Γ-stable, the sequene (vn)n∈N takes values in S, and s(γ) belongs to S¯.
Reall that a left (resp. right) Γ-module is a pair (Z, φ), with Z a manifold,
and φ : Z → M a map, endowed with a left (resp. right) ation of Γ ⇒ M ,
i.e. a map from Z ×φ,M,s Γ → Z (resp. Γ ×t,M,φ Z → Z) satisfying some
natural axioms, see e.g. [6℄.
Example 2.5. A trivial but however important example of Γ-module are
the pairs (S, iS), with S ⊂ M a Γ-stable submanifold and iS : S →֒ M the
inlusion map.
Notie that both resolutions of S and Γ-modules onsist in pairs (Z, φ), with
Z a manifold, and φ : Z → M a map. This leads to the following natural
denition.
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Denition 2.6. Let Γ ⇒ M be a Lie groupoid, and S a Γ-stable embedded
submanifold of M . A Γ-resolution of S or is a pair (Z, φ), with Z a manifold,
and φ : Z →M a map, whih
1. admits a struture of right Γ-module, and
2. is a resolution of S.
We shall speak of an equivariant resolution instead of Γ-resolution when we
do not to emphasize on the name of the Lie groupoid.
Example 2.7. Let G be a Lie group ating on a manifold M . Reall from
[6℄ that Γ = G×M ⇒M admits a natural Lie groupoid alled the transfor-
mation groupoid. With respet to this Lie groupoid, Γ-stable submanifolds
are submanifold stable under the ation of G, and Γ-resolutions of S are
resolutions whih are equivariant w.r.t. the ation of G.
Remark 2.8. By denition of a resolution of S, with S a Γ-stable submanifold,
φ : φ−1(S)→ S is a bijetive map, so that the restrition of the Γ-ation to
φ−1(S) needs to be given for all z ∈ φ−1(S) and γ ∈ Γφ(z) by z·γ = φ
−1(s(γ)).
Sine φ−1(S) is a dense subset of Z, there is at most one struture of Γ-
module on a given resolution of S. Indeed, one ould dene Γ-resolutions of
S as being those for whih the natural ation on Γ on φ−1(S) ⊂ Z extends
to an ation on Z (in a smooth or holomorphi way).
2.2 Morita equivalene and equivariant-resolutions
a) Morita equivalene, dierential staks. We briey reall the deni-
tion of Morita equivalene of Lie groupoids, as onstruted with the help of
bimodules.
Denition 2.9. Let Γ⇒ M and Γ′ ⇒ M ′ be two Lie groupoids. A Γ− Γ′-
bimodule is a manifold X endowed with two surjetive submersions p : X →
M and p′ : X →M ′, so that
1. (Z, p) endows a struture of left Γ-module;
2. (Z, p′) endows a struture of right Γ′-module;
3. the right (resp. left) ations preserves all the bers of p (resp. p′);
4. The right and left ations ommute, i.e. for all γ ∈ Γ, z ∈ Z, γ′ ∈ Γ′
with t(γ) = p(z) and p′(z) = s(γ′):
(γ · z) · γ′ = γ · (z · γ′).
6
A Morita equivalene is a Γ-Γ′-bimodule suh that the right and left ations
are both proper, free and transitive on the bers of p′ and p respetively.
Convention 2.10. It shall be onvenient to denote a Morita equivalene sim-
ply by a X , although this notation does not make expliit the many strutures
it is equipped with. More preisely, from now, we shall denote by a urvy
letter X (or X ′ / or Y...), a Morita equivalene given by a set X (or X ′ /
or Y ...). In all the ases, p and p′ shall stand for the two maps from X (or
X ′ / or Y ...) to the unit manifolds of the two Lie subgroupoids. Also, in all
the ases, both left and right ations shall be simply denoted by a dot "·".
Reall from [5℄ that Morita equivalenes an be omposed, and that this om-
position is assoiative (up to isomorphism). We briey reall the onstru-
tion. Let X and X ′ be Morita equivalenes between Lie groupoids Γ1 ⇒M1,
Γ2 ⇒M2 and Γ3 ⇒M3. Then the following data dene a Morita equivalene
X ′′ between Γ1 ⇒M1 and Γ3 ⇒M3.
1. the manifold X ′′ =
X×p′,M2,p
X′
Γ2
, where Γ2 ⇒M2 ats on X ×p′,M2,pX
′
by γ2 · (x, x
′) = (x · (γ2)
−1, γ′ · x) for all γ2 ∈ Γ2, x ∈ X, x
′ ∈ X ′ with
p′(x) = p(x′) = t(γ′).
2. the maps p([(x, x′)]) = p(x) and p′([(x, x′)]) = p′(x′), where [(x, x′)]
stands for the lass of (x, x′) ∈ X×p′
2
,M2,p2 X
′
modulo the ation of Γ2,
3. the right and left ations given by γ1 · [(x, x
′)] · γ3 = [(γ1 · x, x
′ · γ3)],
for all γ1 ∈ Γ1, γ3 ∈ Γ3 with t(γ1) = p(x), s(γ3) = p
′(x′).
Convention 2.11. From now, we shall identify isomorphi Morita equiva-
lenes, so that the omposition of those beomes assoiative.
A dierential stak is an equivalene lass of Lie groupoids modulo Morita
equivalene. Given a Lie groupoid Γ, [Γ] stands for the dierential staks to
whih it belongs.
Remark 2.12. One may argue that Lie groupoids do not form a set, so that
the terminology "equivalene relation" should be banned, and that the lan-
guage of ategory would be more aurate here. However, it would lead
to unneessary sophistiated ompliations, that we prefer to avoid, but we
shall in the sequel restate some of our results using ategorial language as
a remark.
By a representative of the dierential stak [Γ], we mean a pair formed by a
Lie groupoid Γ′ together with a Morita equivalene X between Γ and Γ′.
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Remark 2.13. We warn the reader of a possible onfusion: a representative of
[Γ] is not simply a Lie groupoid whih happens to be Morita equivalent to Γ,
but a Lie groupoid Morita equivalent to Γ together with a Morita equivalene
relating it to Γ.
In the rest of this setion, we review or study why Morita equivalene in-
dues one-to-one orrespondene of modules, stable subsets, losure of stable
submanifolds, equivariant resolutions.
b) Morita equivalene indues one-to-one orrespondene of right-
modules. It is well-known that a Morita equivalene X between Lie groupoids
Γ and Γ′ indues a one-to-one orrespondene X between right Γ-modules
and right Γ′-modules. This fat is stated in the present form in [5℄ and is
more of less impliit in [9℄, but we prefer to briey reall the onstrution
that we shall use several times. For (Z, φ) a right Γ-module, X
(
(Z, φ)
)
is the
right Γ′-module (Z ′, φ′) dened by
1. the manifold
Z×φ,M,pX
(z,x)∼(zγ−1,γx)
(whih is a manifold, beause, rst, Z×φ,M,p
X is itself a manifold sine p is a submersion, and, seond, beause the
left ation of Γ on X being a free and proper ation, so is its ation on
Z ×φ,M,p X, so that the quotient is a manifold),
2. the map [z, x] 7→ p′(x), where [z, x] is the lass of (z, x) ∈ Z ×φ,M,p X
modulo the ation of Γ⇒M ,
3. the right ation dened by [z, x] · γ′ = [z, x · γ′], for all γ′ ∈ s−1(p′(x)),
and all (z, x) ∈ Z ×φ,M,pX.
Remark 2.14. To any morphism φ : Z1 → Z2 of right Γ-module is assoiated
a morphism of the orresponding right Γ′-module X (φ) : X (Z1) → X (Z2).
Said dierently, the previous onstrution is funtorial. In partiular, it
would be more rigorous to use the language of ategories and to laim that
a Morita equivalene indues an equivalene of ategories between the ate-
gories of right Γ-modules and right Γ′-modules.
) Morita equivalene indues one-to-one orrespondene of stable
subsets. The Morita equivalene X also indues a one-to-one orrespon-
dene between Γ-stable subsets of M and Γ′-stable subsets of M ′ by
S 7→ p′
(
p−1(S)
)
. (1)
The previous orrespondene maps in partiular orbits to orbits, and Γ-stable
submanifolds to Γ′-stable submanifolds. But Γ-stable submanifolds are also
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right Γ-modules (as seen in example 2.5), and should be mapped by X to a
right Γ′-module. In both both onstrutions agree, in the sense that
X
(
(S, iS)
)
= (S ′, iS′),
where S ′ = p′
(
p−1(S)
)
. In words: The restrition of X to Γ-stable subman-
ifolds is the orrespondene given by Equation (1). This allows one to state
the following onvention:
Convention 2.15. From now, given a Morita equivalene X between Γ and
Γ′, we denote by the same symbol X the one-to-one orrespondenes between
Γ-stable and Γ′-stable subsets given by Equation (1), and the one-to-one or-
respondenes between right Γ-modules and right Γ′-module desribed in b)
above.
The previous orrespondene is ompatible with losure. We would
like the reader to understand the next lemma as follows: Morita equivalene
preserves the shape of the losure of Γ-stable submanifolds.
Lemma 2.16. Let X be a Morita equivalene between Γ⇒M and Γ′ ⇒M ′,
and let S be a Γ-stable submanifold of M . Then
X
(
S
)
= X (S).
Proof. We prefer to give the proof in great detail, although it is just an
undergraduate exerise in topology. For every m′ ∈ X
(
S
)
, there exists an
element x ∈ X suh that p(x) ∈ S and p′(x) = m′. Moreover, there exists a
sequene (un)n∈N of elements in S onverging to m ∈ M . Sine p : X → M
is a submersion, there exist a neighborhood U of m and a loal setion
σ : U → X of p through x ∈ X. The sequene n 7→ σ(un) takes its values
in p−1(S) and onverges to x. Hene the sequene n 7→ p′(σ(un)) takes its
values in p′(p−1(S)) = X (S) and onverges to m′, so that we obtain the
inlusion
X
(
S
)
⊂ X (S). (2)
Conversely, for every m′ ∈ X (S), and every x ∈ X with p′(x) = m′, there
exists a neighborhood U ′ of m′ in M and loal setion σ′ : U ′ → X of
p′ through x. Let (u′n)n∈N in X (S) onverging to m
′
. The sequene n 7→
p(σ′(u′n)) belongs to S, and onverges to p(x). Hene, p(x) ∈ S, and m
′ =
p′(x) in an element in X
(
S
)
= p′
(
p−1(S)
)
. In onlusion, we have the
inlusion
X (S) ⊂ X
(
S
)
. (3)
The lemma follows from (2)-(3).
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Remark 2.17. In fat, we have proved that a Γ-orbit T belongs to the losure
of a Γ-orbit S if and only if X (T ) belongs to the losure of X (S).
d) Morita equivalene indues one-to-one orrespondene of equiv-
ariant resolutions. We would like the reader to understand the next propo-
sition as follows: "The notion of equivariant resolution goes down to the level
of dierential staks".
Proposition 2.18. Let X be a Morita equivalene between Lie groupoids
Γ⇒M and Γ′ ⇒M ′. Let S be a Γ-stable submanifold of M , and S ′ = X (S)
be the orresponding Γ′-stable submanifold of M ′.
Then X restrits to a one-to-one orrespondene between Γ-resolutions (resp.
surjetive Γ-resolutions / proper Γ-resolutions) of S and Γ′-resolutions (resp.
surjetive Γ′-resolutions / proper Γ′-resolutions) of S ′.
Proof. Let (Z, φ) be a resolution of S and dene X (Z) = Z ′,X (φ) = φ′.
Applying the funtor X (see remark 2.14) to the ommutative diagram:
φ−1(S)
  i //
≃

Z
φ
{{xx
xx
xx
xx
xx
S
(where the vertial arrow is an isomorphism) and using the funtorial prop-
erties of X , whih maps S to S ′, inlusion of modules to inlusion of modules,
and isomorphisms of modules to isomorphisms of modules, one obtains the
ommutative diagram:
(φ′)−1(S ′)
  i //
≃

Z ′
φ′
zzuuu
uu
uu
uu
uu
S ′
(where the vertial arrow is an isomorphism). In words, the restrition of
φ′ to (φ′)−1(S ′) is an invertible map, hene X maps resolutions of S to
resolutions of S ′.
Using the funtorial properties of X (see remark 2.14) one more, we obtain:
φ′(Z ′) = X (φ′)
(
X (Z)
)
= X (φ(Z)).
Hene, if (Z, φ) is surjetive, then:
φ′(Z ′) = X (S) = X (S) = S ′,
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where Lemma 2.16 has been used to go from the seond to the third equality.
In onlusion, X maps surjetive resolutions of S to surjetive resolutions
of S ′.
Assume now that the resolution (X,φ) is proper, and letK ⊂ S ′ be a ompat
subset. There exists a ompat subset Kˆ in X with p′(Kˆ) = K (this is due to
the fat that p′ is a surjetive submersion and therefore admits loal setions).
By onstrution,b (φ
′
)−1(K) is the image of Z×φ,M,p Kˆ through the natural
projetion
Z ×φ,M,pX 7→
Z ×φ,M,p X
(z, x) ∼ (zγ−1, γx)
= Z ′.
Sine Kˆ is ompat, so is p(Kˆ), hene so is φ−1(p(Kˆ)) by properness of φ.
The ompatness of Z×φ,M,p Kˆ follows, and implies in turn the ompatness
of its image (φ
′
)−1(K).
3 Substaks of dierential staks
A Lie subgroupoid is a pair (Γ ⇒ M,R ⇒ L), with Γ ⇒ M a Lie groupoid,
R a submanifold of Γ and L a submanifold of M stable under the strutural
maps (unit, soure, target, multipliation and inverse) of Γ⇒M .
Denition 3.1. A Lie subgroupoid R⇒ L of a Lie groupoid Γ⇒M is said
to be losed if R is a losed subset in ΓLL.
Remark 3.2. When L is itself a losed submanifold of M , this ondition
simply amounts to request that R is a losed subset of Γ.
Let S ⊂ M be a Γ-stable submanifold of M . A submanifold L of M is said
to interset transversally the Γ-orbits ontained in S if for all m ∈ L ∩ S
TmS = TmFm + TmL
where Fm is the Γ-orbit through m ∈ M . The sum is not assumed to be a
diret sum in general.
Remark 3.3. The transversality ondition, in terms of the Lie algebroid A→
M , with anhor ρ, of the Lie groupoid Γ⇒M , means that, for all m ∈ L∩S,
we have:
TmS = ρm(Am) + TmL.
Remark 3.4. More important is the following remark. The transversality
ondition means that, for all m ∈ L ∩ S, we have that TmS is equal to the
image Tmt(TmΓL) of TmΓL ⊂ TmΓ through the dierential Tmt of the target
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map t : Γ→M at m ∈M . Said dierently, for every u ∈ TmS, there exist a
path ε 7→ γ(ε) in ΓL, starting at m, s.t.:
u =
d
dε
∣∣∣∣
ε=0
t(γ(ε))
The same ould be said of the soure map, upon replaing ΓL by Γ
L
.
Denition 3.5. Let Γ ⇒ M be a Lie groupoid and S ⊂ M be a Γ-stable
submanifold. A Lie subgroupoid R ⇒ L of Γ ⇒ M is said to be a Lie
subgroupoid in S if
(a) L ∩ S is a dense subset of L,
(b) L intersets transversally the Γ-orbits ontained in S,
() and L has a non-empty intersetion with all the Γ-orbits ontained in S.
A Lie subgroupoid R⇒ L in S is said to be
1. surjetive in S when L has a non-empty intersetion with all the Γ-
orbits ontained in S,
2. full in S when
RL∩SL∩S = Γ
L∩S
L∩S ,
(In other words: "an arrow in Γ onneting two points in L∩S belongs
to R")
3. a proper subgroupoid when for all ompat subset K ⊂ S, the quotient
topologial spae R\ΓKL is ompat.
Remark 3.6. If S is simply a Γ-orbit, then requiring R ⇒ L to be in S just
amounts to require that L ∩ S is a dense subset of L, for the transversality
ondition is automatially satised. A Lie subgroupoid R ⇒ L integrating
an algebroid rossing, as dened in [4℄, is automatially surjetive in S.
We now dene Morita equivalene of subgroupoids.
Denition 3.7. Let R ⇒ L be a Lie subgroupoid of Γ ⇒ M , and R′ ⇒
L′ be a Lie subgroupoid of Γ′ ⇒ M ′. A Morita equivalene between these
subgroupoids is given by a pair (X , Y ), where:
1. X is a Morita equivalene between the Lie groupoids Γ⇒M and Γ′ ⇒
M ′,
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2. Y is a Morita equivalene between the Lie groupoids R⇒ L and R′ ⇒
L′,
3. an injetive immersion i : Y →֒ X suh that the following diagram
ommutes:
X
p′ !!B
BB
BB
BB
B
p
~~}}
}}
}}
}}
M M ′
Y
p′
==||||||||?
i
OO
p
``AAAAAAAA
and whih is ompatible with the R and R′-ations, i.e.
i(r · y · r′) = r · i(y) · r′
for all r ∈ R, y ∈ Y, r′ ∈ R′ s.t. t(r) = p(y) and p′(y) = s(r′).
Remark 3.8. We warn the reader that, given a Morita equivalene X between
Γ ⇒ M and Γ′ ⇒ M ′, and given a Lie subgroupoid R′ ⇒ L′ of Γ′ ⇒ L′,
there may not exist a subgroupoid R ⇒ L of Γ ⇒ L Morita equivalent to
the rst one.
Morita equivalene of Lie subgroupoids an be omposed.
Proposition 3.9. Assume that we are given, for i = 1, 2, 3, a Lie subgroupoid
Ri ⇒ Li in Γi ⇒Mi). Let
1. (X ,Y, i) be a Morita equivalene of Lie subgroupoids between (R1 ⇒
L1,Γ1 ⇒M1) and (R2 ⇒ L2,Γ2 ⇒M2)
2. (X ′,Y ′, i′) be a Morita equivalene of Lie subgroupoids between (R2 ⇒
L2,Γ2 ⇒M2) and (R3 ⇒ L3,Γ3 ⇒M3).
Then (X ′′,Y ′′, i′′) is a Morita equivalene of Lie subgroupoids between (R1 ⇒
L1,Γ1 ⇒M1) and (R3 ⇒ L3,Γ3 ⇒M3) where:
1. X ′′ is the omposition of the Morita equivalenes X and X ′ as dened
in setion 2.2(a).
2. Y ′′ is the omposition of the Morita equivalenes Y and Y ′ as dened
in setion 2.2(a).
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3. The map i
′′ : Y ′′ →֒M ′′ is given by:
i
′′
(
[(y, y′)]
)
= [i(y), i′(y′)],
for all y ∈ Y, y′ ∈ Y ′ s.t. p′(y) = p(y′), where [(·, ·)] stands for the lass
of an element in Y ×p′,L2,p Y
′
or X ×p′,M2,p X
′
modulo the ation of
R2 or Γ2 respetively.
Proof. The only point that has to be heked is that i
′′
is an injetive im-
mersion. First,
i
′′([(y1, y
′
1)]) = i
′′([(y2, y
′
2)])
implies that there exists γ′ ∈ Γ′ with y1 · (γ
′)−1 = y2 and γ
′ · y′1 = y
′
2. Sine
the ation R2 is transitive on the bers of p : Y → M1, it follows from
the rst of these identities that γ′ ∈ R2, whih is tantamount to [(y1, y
′
1)] =
[(y2, y
′
2)]. Said dierently, when one onsiders Y×p′,L2,pY
′
as a submanifold of
X×p′,M2,pX
′
, we obtain that for every (y, y′) ∈ Y ×p′,L2,pY
′
, the intersetion
of the Γ2-orbit through (i(y), i
′(y′)) ∈ Y ×p′,L2,p Y
′ ⊂ X ×p′,M2,p X
′
with
Y ×p′,L2,p Y
′
is the R2-orbit of (y, y
′). This last assertion proves that i′′ is
injetive, but also that i
′′
is an immersion.
There is a natural notion of isomorphism of Morita equivalene of sub-
groupoids. Again, the omposition dened by the last proposition is as-
soiative up to isomorphism, whih allows the following onvention:
Convention 3.10. From now, we identify isomorphi Morita equivalenes
of Lie subgroupoids, so that omposition of Morita equivalenes of Lie sub-
groupoids is assoiative.
Also, given a Morita equivalene (X ,Y, i), we shall most of the time onsider
Y as a submanifold of X (and therefore identify y ∈ Y with i(y) ∈ X).
A dierential substak is an equivalene lass of Lie subgroupoids modulo
Morita equivalene.
Remark 3.11. Again, Lie subgroupoids do not form a set, so that it is a bit
abusive a speak of "equivalene lass".
We will in general onsider dierential substaks of a given stak [Γ]. We
do it as follows. Given a Lie groupoid Γ, a representative of a substak of
[Γ] is a triple (Γ′, R′,X ) where X is a Morita equivalene between Γ and Γ′,
and R′ ⇒ L′ is a subgroupoid of Γ′ ⇒ M ′. We say that two representatives
(Γ′1, R
′
1,X1) and (Γ
′
2, R
′
2,X2) are Morita equivalent if there exists a Morita
equivalene (Z,Y, i′′) between the subgroupoids R′1 and R
′
2 suh that
Z = X2 ◦ X
−1
1 .
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By onstrution, representatives of a substak of [Γ] modulo Morita equiva-
lene (of representatives) form dierential substaks.
Proposition 3.12. Let (X ,Y, i) be a Morita equivalene of subgroupoid be-
tween a subgroupoid R ⇒ L of Γ ⇒ M and R′ ⇒ L′ of Γ′ ⇒ M ′. Let S
be a Γ-stable submanifold of M , and S ′ = X (S) the orresponding Γ′-stable
submanifold in M ′.
The subgroupoid R ⇒ L is in S/ surjetive in S/ full in S/ proper if and
only if R′ ⇒ L′ is in S
′
/ surjetive in S
′
/ full in S ′/ proper.
Proof. Morita equivalenes being invertible, it sues to show one diretion,
the proof of whih is divided in the four laims below.
Claim 1: If R⇒ L is in S, then R′ ⇒ L′ is in S ′.
First, we have to hek that L′ ∩ S ′ is dense in L′. By assumption, L ∩ S is
dense in L, so that, sine p|Y is a submersion, p
−1
|Y
(L ∩ S) is dense in Y . In
turn, this implies that p′|Y
(
p−1|Y
(L ∩ S)
)
is dense in p′|Y (Y ). But
p′|Y
(
p−1|Y
(L ∩ S)
)
= L′ ∩ S ′ and p′|Y (Y ) = L
′,
so that L′ ∩ S ′ is dense in L′.
Seond, we have to hek that L′ intersets transversally all the Γ-orbits on-
tained in S ′. That it intersets all the orbits is lear: only the transversality
ondition requires a justiation Choose an arbitrary m′ ∈ L′ ∩ S ′, and let
y ∈ Y an element with p′(y) = m′. Let m = p(y). Every tangent vetor
u ∈ Tm′S
′
is a derivative at ε = 0 of a path ε 7→ m′(ε) in S ′. There exists
a path ε 7→ x(ε) in X starting at y that projets on the path ε 7→ m′(ε)
though p′, sine p′ is a submersion. Sine the path ε 7→ p ◦ x(ε) is a path in
S = p((p′)−1(S ′)) that starts at m = p(y), and sine TmS = TmL + TmFm,
there exists (aording to remark 3.4) a path ε 7→ γ(ε), starting at the unit
element m ∈ Γ, in ΓL suh that
t(γ(ε)) = p ◦ x(ε)
for all ε small enough. The path
ε 7→ γ(ε) · x(ε)
is in p−1(L) ⊂ X, for all ε small enough. There exists therefore a path
ε 7→ y(ε) in Y , starting at y, whih projets on s(γ(ε)) = p(γ(ε) · x(ε))
through p. Sine Γ′ ats transitively on the bers of p, there exists a path
ε 7→ γ′(ε) in Γ′ (starting at the unit element m′ ∈M ′) s.t.
γ(ε) · x(ε) = y(ε) · γ′(ε)
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for all ε small enough. Note that ε 7→ γ′(ε) takes in fat its values in ΓL′ .
Applying p′ to the previous equality amounts to
p′(γ(ε) · x(ε)) = t(γ′(ε)),
for all ε small enough. Sine the rst term is equal to m′(ε), taking the
derivative at ε = 0, we obtain (having in mind remark 3.4) that u ∈ Tm′L
′+
Tm′F
′
m′ , where Fm′ is the Γ
′
-orbit through m′. Hene, Tm′S
′ = Tm′L
′ +
Tm′F
′
m′ , whih ompletes the proof of the rst laim.
Claim 2: If R⇒ L is surjetive in S, then R′ ⇒ L′ is surjetive in S ′.
Let T ′ be a Γ-orbit ontained in S ′, and T = X−1(T ′). By Lemma 2.16,
or remark 2.17, T is ontained in S. By assumption therefore, T ∩ L is not
empty. Sine p : Y → L is onto, there exists y ∈ Y , with p(y) ∈ T ∩L. Hene
L′ = p′|Y (p
−1
|Y
(L)) ontains the element p′(y). But this element also belongs
to T ′ = p′(p−1(T )), so that the intersetion of L′ with T ′ is not empty. This
onlusion being valid for an arbitrary Γ-orbit ontained in S ′, R′ ⇒ L′ is
surjetive S ′.
Claim 3: If R⇒ L is full in S, then R′ ⇒ L′ is full in S ′ .
Let γ′ ∈ Γ′ be an arrow with soure and target m′1 ∈ L
′ ∩S and m′2 ∈ L
′ ∩S
respetively. There exists y1, y2 ∈ Y with p
′(y1) = m
′
1, p
′(y2) = m
′
2. The
relation p′(y1 · γ
′) = m′2 = p
′(y2) holds true, hene there exists γ ∈ Γ with
γ · y2 = y1 · γ
′
. Sine both the soure and target of γ are in S ∩ L by
onstrution, γ belongs to R, so that γ · y2 belongs to Y , and there exists
therefore r′ ∈ R′ with γ ·y2 = y1 ·r
′
. By denition of Morita equivalene, the
right ation is free and r′ = γ′. In partiular, γ′ belongs to R′, and R′ ⇒ L′
is full in S.
Claim 4: If R ⇒ L is proper, then R′ ⇒ L′ is proper. This laim is left to
the reader.
Proposition 3.12 justies the following denition.
Denition 3.13. A substak is said to be in S/ surjetive in S /full in
S/proper if and only if one (equivalently all) of its representatives is.
4 The orrespondene between equivariant resolu-
tions and substaks
The purpose of this setion is to show the main result of the present study,
namely Theorem 4.15, whih states the existene and desribes the natural
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one-to-one orrespondene between Γ-resolutions of S and substaks of [Γ]
full in S.
We divide the onstrution of this orrespondene in several steps. In setion
4.1, we assoiate a Γ-resolution of S to a losed subgroupoid R ⇒ L of
Γ⇒ M full in S. This resolution is shown to be surjetive (resp. proper) if
the subgroupoid is.
Then in setion 4.2, we assoiate to a Γ-resolution of S¯ a losed subgroupoid
R′ ⇒ L′ of a Lie groupoid Γ′ ⇒M ′ Morita equivalent to Γ⇒M : more pre-
isely we onstrut a representative (Γ′, R′,X ), with X a Morita equivalene
from Γ ⇒ M to Γ′ ⇒ M ′, and R′ ⇒ L′ a losed subgroupoid of Γ′ ⇒ M ′
full in S ′ = X (S). This subgroupoid is shown to be surjetive in S ′ (resp.
proper) if the resolution is surjetive in S (resp. proper).
These onstrutions are not inverse to eah other. However, we show in
setion 4.3 that they beome inverse to eah other, when we go down at the
level of dierential staks, by taking the quotient of the whole piture by
Morita equivalene.
4.1 From a subgroupoid to an equivariant resolution.
We start by a proposition, a proof of whih is presented in [4℄ in the ase
where S is the Lie algebroid orbit of an integrable Lie algebroid. The proof
presented follows more or less the same lines, but is muh more general.
Convention 4.1. For every left-module (X,φ) over a Lie groupoid Γ⇒M ,
we denote by Γ\X the quotient spae, i.e. the set obtained by identifying
x ∈ X with γ · x ∈ X for all x ∈ X, γ ∈ Γ s.t. t(γ) = φ(x).
The next proposition is of ruial importane.
Proposition 4.2. Let Γ ⇒ M be a Lie groupoid, S a Γ-stable submanifold
in M , and R⇒ L a subgroupoid of Γ⇒M full in S.
1. Z(R) = R\ΓL is a manifold,
2. there exists an unique smooth or holomorphi map φ : Z(R)→M suh
that the following diagram ommutes
ΓL
p //
t
""E
EE
EE
EE
EE
Z(R)
φ

M
(4)
Moreover, the map φ takes values in S.
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3. (Z(R), φ) is an equivariant resolution of S,
4. if R⇒ L is surjetive in S¯, then (Z(R), φ) is a surjetive resolution,
5. if R⇒ L is proper, then (Z(R), φ) is a proper resolution.
Proof. 1) Sine the soure map s is a surjetive submersion from Γ onto M ,
and L a submanifold ofM , ΓL = s
−1(L) is a submanifold of Γ, ated upon on
the left by R. We have to hek that the quotient spae R\ΓL is a manifold
again.
For that purpose, we rst show that the left ation of R on ΓL is proper. Let
(rn, γn) ∈ R ×t,L,s ΓL be a sequene suh that (rn · γn, γn) takes values in a
ompat subset K of ΓL×ΓL. By assumption, one an extrat a subsequene
(rσ(n) × γσ(n), γσ(n)) that onverges to (g, g
′) ∈ K ⊂ ΓL × ΓL, so that rσ(n)
onverges to r = g′ · g−1 ∈ Γ. We have to show that r belongs to R. The
subset K being a ompat subset, the image of ΓL × ΓL though the maps
(x, y) 7→ s(x) and (x, y) 7→ s(y) are ompat subsets K1 and K2 of L. Sine
s(rn) ∈ K1 and t(rn) = s(γn) ∈ K2 for all n ∈ N, and sine K1 and K2 are
ompat subsets, the soure (resp. target) of r belongs to K1 (resp. K2),
hene both soure and target belong to L. In onlusion, r belongs to ΓLL,
and, sine R is losed in ΓLL, we obtain that r ∈ R. We eventually obtain
that r is an element in R. In onlusion the left ation of R ⇒ L on ΓL is
a proper free ation, so that the quotient spae R\ΓL is a manifold. This
ompletes the proof of 1).
2) A map φ satisfying Eq. (4) always exists sine the target map is not
aeted by left ation of R ⇒ L on ΓL. Sine the anonial projetion
ΓL → R\ΓL is a submersion, the map φ satisfying (4) is unique. Moreover,
sine the anonial projetion ΓL → R\ΓL is also a submersion and therefore
admits loal setions, the map φ is smooth or holomorphi, depending on the
ontext. Sine L∩S is dense in L and sine the soure map is a submersion,
and therefore admits loal setions, ΓL∩S is dense in ΓL. Hene t(ΓL∩S) = S
is dense in t(ΓL) = φ(Z(R)). Hene φ(Z(R)) ⊂ S. This ompletes the proof
of 2).
3) First, sine L has by assumption a non-empty intersetion with all the
Γ-orbits ontained in S, the restrition of the target map t to ΓL∩S is a
surjetion onto S, hene so is φ : φ−1(S) 7→ S.
Seond, R⇒ L being a full subgroupoid of Γ⇒M , then, for all γ, γ′ ∈ ΓL,
the relation t(γ) = t(γ′) implies
γ′γ−1 ∈ ΓL∩SL∩S = R
L∩S
L∩S ,
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hene γ and γ′ dene the same element in Z(R) = R\ΓL. The restrition
of φ : φ−1(S) 7→ S is an injetive map. In onlusion, φ : φ−1(S) 7→ S is a
bijetion.
Claim The restrition φ : φ−1(S)→ S is a biholomorphism / dieomorphism.
To show this point, it sues to hek that it is a surjetive submersion, sine
we already know that it is a bijetion. First, sine S is Γ-stable, t−1(S) = ΓS .
Sine moreover the target map t is a surjetive submersion from Γ to M , the
restrition to ΓS of the target map is a surjetive submersion from ΓS onto S.
Seond, for all m ∈ L ∩ S, the image of TmΓL through the dierential Tmt
of the target map at m is the vetor spae TmL + TmFm (Fm being the
Γ-orbit through m ∈ M), whih is preisely assumed to be equal to TmS
by transversality, so that the target map is a surjetive submersion from a
neighborhood of m ∈ ΓL to a neighborhood of m ∈ S.
Let us hoose a point s ∈ S, a tangent vetor u ∈ TsS orresponding to
an innitesimal path ε 7→ s(ε). For every γ ∈ ΓL∩S with t(γ) = s. Sine
the restrition to ΓS of the target map is a surjetive submersion onto S,
there exists an innitesimal path ε 7→ γ(ε) starting at γ that projets on
ε 7→ s(ε) through t. Aording to remark 3.4, there exists an innitesimal
path ε 7→ γ˜(ε) in ΓL starting at m = s(γ) ∈M suh that
t(γ˜(ε)) = s(γ(ε))
for all ε small enough. The innitesimal path ε 7→ γ˜(ε)−1 · γ(ε) is well-
dened, for all ε small enough, and is ontained in ΓL by onstrution. By
onstrution also, it starts at γ and its image through the target map is
equal to the path ε 7→ s(ε), i.e. is an innitesimal path that orresponds
to u. Hene the dierential of the restrition to ΓL of the target map is
surjetive, whih proves the laim, and ompletes the proof of the fat that
(Z(R), φ) is a resolution.
Last, the right ation of Γ⇒ M on (ΓL, t) goes to the quotient and denes
a right-Γ ation of Γ⇒M on (Z(R), φ), hene this resolution is equivariant.
4) Now, if R⇒ L is moreover assumed to be surjetive in S, then L intersets
all the groupoid leaves ontained in Γ, and the restrition of the target map
t to ΓL is a surjetion onto S, hene so is φ : Z(R) 7→ S.
5) is straighforward, for the inverse image of a ompat subset K ⊂ S is
preisely R\ΓKL .
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We nish this setion with a haraterization of Γ-resolutions of the type
presented in 4.2, a point that shall be strongly useful in the next setion. We
start with a denition.
Denition 4.3. Let S be an embedded Γ-stable submanifold of M , where
Γ⇒M is a Lie groupoid. Let L ⊂M be a submanifold with L ∩ S dense in
L. A Γ-resolution (Z, φ) of S is said to be L-ompatible if
1. there exists a submanifold L˜ suh that the restrition φ|
L˜
of φ to L˜ is
a biholomorphism / dieomorphism from L˜ to L,
2. L˜ is transverse to the foliation on Z given by the Γ-ation, and inter-
sets all the Γ-orbits ontained in φ−1(S)
Remark 4.4. Notie that L has to be ontained is S, and that, when L is a
given submanifold with L ∩ S dense in L, L˜ is unique when it exists.
Remark 4.5. Notie that when S is an algebroid leaf, and L intersets all
the orbits ontained in S, L is easily proved to be what is alled in [4℄ an
algebroid rossing.
Remark 4.6. To a Lie groupoid ation of Γ ⇒ M on a right-module (Z, φ)
is assoiated a Lie algebroid ation, i.e. a map χ : Am → TzZ, for all
m ∈ φ(Z), z ∈ Z s.t. φ(z) = m, whih indues a Lie algebra morphism from
the spae Γ(A) of setions of A to the Lie algebra of vetor elds on Z. The
transversality assumption in the previous denition means that:
Tl˜Z = Tl˜L+ χ(Aφ(l˜))
for all l˜ ∈ L˜.
Example 4.7. Let R ⇒ L is a losed Lie subgroupoid of Γ⇒ M full in S.
Then the equivariant resolution (Z(R), φ) is L-ompatible, the manifold L˜
being in fat the image of ε(L) ⊂ ΓL (reall that ε : M →֒ Γ stands for the
unit map) in Z(R) = R\ΓL.
The previous example is almost the unique possible one, as shown by the
following proposition.
Proposition 4.8. Let (Z, φ) be an L-ompatible Γ-resolution of S, for some
submanifold L ⊂M with L∩S dense in L. Let L˜ be the (unique) submanifold
as in Denition 4.3 and ψ : L → L˜ the inverse of the restrition of φ to L˜.
Then,
1. The set R ⊂ L of all arrows r ∈ ΓL suh that
ψ
(
s(r)
)
· r ∈ L˜
is a Lie subgroupoid of Γ⇒M full in S.
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2. the Γ-orbit of L˜ in Z is an open subset of Z whih oinides (as a
Γ-resolution) to the resolution (Z(R), φR).
3. if, moreover, L˜ has an intersetion with all the Γ-orbits of Z, then the
resolutions (Z, φ) and (Z(R), φR) oinide.
Remark 4.9. We reall from onvention 2.3 that we identify isomorphi Γ-
resolutions (whih is justied by the fat that the isomorphism between two
isomorphi resolutions is unique when it exists), so that the reader shall not
surprised when we say that resolutions "oinide", and not simply that they
are "isomorphi".
Proof. 1) For all r ∈ R, the point ψ
(
s(r)
)
· r is ontained in L˜, and therefore
has to be equal to ψ
(
t(r)
)
. In partiular, both the soure and target on
an element in R are in L. It is then lear from the denition that R ⇒ L
is a subgroupoid of Γ ⇒ M . Also, R is a losed subset of ΓLL by its very
onstrution.
Our next task is to prove that it is a Lie subgroupoid: sine L is a submani-
fold, all we need to prove in that R is a submanifold as well. We do this by
onsidering the map Ψ : ΓL → Z given by
Ψ : γ 7→ ψ
(
s(γ)
)
· γ.
By onstrution R = Ψ−1(L˜), so that it sues, in order to ensure that R is
a submanifold, to prove that Ψ is a submersion.
We hoose some arbitrary γ ∈ ΓL and u ∈ TzZ, where z = Φ(γ). For every
innitesimal path z(ε) orresponding to u, φ(z(ε)) is an innitesimal path
orresponding to Tzφ(u). Sine the target map t is a submersion from Γ to
M , there exists a path γ(ε) ∈ Γ starting from γ and whose image through t
is ε 7→ φ(z(ε)). The path z(ε) · γ−1(ε) is an innitesimal path starting from
l˜ := ψ(s(γ)).
The transversality ondition implies thatΨ is a submersion in a neighborhood
of ε(L) ⊂ ΓL. In partiular, it is a submersion in a neighborhood of l˜ =
ψ(s(γ)), and there exists an innitesimal path ε 7→ γ˜(ε) ∈ ΓL suh that
Ψ
(
γ˜(ε)
)
= z(ε) · γ−1(ε),
for all ε small enough. The latter an be rewritten as:
Ψ
(
γ˜(ε)γ(ε)
)
= z(ε)
But ε 7→ γ˜(ε)γ(ε) is a path in ΓL par onstrution. Taking the derivative at
ε = 0, we obtain:
dlΨ
(
d γ˜(ε)γ(ε)
dε
∣∣∣∣
ε=0
)
= u.
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Hene Ψ is a submersion, and R⇒ L is a Lie subgroupoid of Γ⇒M .
We now have to hek that this Lie groupoid is in S. Sine the restrition
to φ−1(S) of φ is invertible (and Γ-equivariant), it is immediate that L in-
tersets transversally all the Γ-orbits ontained in S, sine, by assumption,
L˜ intersets transversally all the Γ-orbits ontained in φ−1(S). By its very
onstrution, this Lie groupoid satises
RL∩SL∩S = Γ
L∩S
L∩S ,
i.e it is a full Lie subgroupoid. This ompletes the proof of 1).
2) For any pair γ, γ′ ∈ Γ dening the same element in Z(R), i.e. suh that
there exists r ∈ R with γ = rγ′, one omputes:
Ψ(γ′) = ψ
(
s(γ′)
)
· γ′ = ψ
(
s(γ′)
)
· r−1rγ′
= ψ
(
s(r)
)
· rγ′
= ψ
(
s(γ)
)
· γ
= Ψ(γ),
where the relation ψ
(
s(r′)
)
· r′ = ψ(t(r′)) for all r′ ∈ R has been used. As a
onlusion, the map Ψ goes to the quotient and denes a map Ψ˜ from Z(R)
to Z, whih is a morphism of resolution, and whose image is by onstrution
the orbit of L˜. This map Ψ˜ is also injetive sine Ψ(γ) = Ψ(γ′) implies that
γ and γ′
−1
are ompatible and that the following identities hold:
ψ
(
s(γ)
)
· γ(γ′)−1 = ψ
(
s(γ′)
)
.
whih, in turn, sine both ψ
(
s(γ)
)
and ψ
(
s(γ′)
)
belong to L˜ , gives that
γ(γ′)−1 ∈ R (this is the very denition of R). Hene γ and γ′ dene the same
element modulo the R-ation. Moreover, the map Ψ˜ is again a submersion,
sine Ψ is a submersion. Sine an injetive submersion is in fat an open
immersion, this ompletes the proof of 2).
3) follows from the fat that the image of the map Ψ is preisely the orbit of
L˜ under the ation of Γ.
4.2 From an equivariant resolution to a subgroupoid.
Let Γ⇒M be a Lie groupoid, S a Γ-stable submanifold in M , and (Z, φ) a
Γ-resolution of S.
By the diret produt Lie groupoid (Γ⇒M)×(Z×Z ⇒ Z), we mean the Lie
groupoid struture on Γ× Z × Z with unit manifold M × Z, with unit map
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(m, z) 7→ (ε(m), z, z), with soure and target maps s : (γ, z1, z2) 7→ (s(γ), z1)
and t : (γ, z1, z2) 7→ (t(γ), z2) respetively, with produt
(γ, z1, z2) · (γ
′, z2, z3) = (γγ
′, z1, z3)
(for all γ, γ′ with t(γ) = s(γ′) and all z1, z2, z3 ∈ Z) and with inverse map
(γ, z1, z2) 7→ (γ
−1, z2, z1). This groupoid struture is the diret produt of
the Lie groupoid Γ ⇒ M with the pair groupoid Z × Z ⇒ Z, hene the
name.
There is a natural Morita equivalene X between the Lie groupoid Γ ⇒ M
and the diret produt Lie groupoid (Γ ⇒ M) × (Z × Z ⇒ Z) dened as
follows:
1. X = Γ× Z
2. p : X → M is the map (γ, z) 7→ s(γ), while p′ : X → M × Z is the
map γ, z 7→ (t(γ), z),
3. the right and left ations given respetively by:{
γ′ · (γ, z) = (γ′γ, z′) ∀γ′, γ ∈ Γ, z ∈ Z s.t. t(γ′) = s(γ)
(γ, z) · (γ′, (z, z′)) = (γ · γ′, z′) ∀γ′, γ ∈ Γ, z, z′ ∈ Z s.t. t(γ) = s(γ′)
The submanifold X (S) orresponding to S through this Morita equivalene
X is S ′ = S × Z. The resolution X
(
(Z, φ)
)
orresponding to (Z, φ) is the
resolution (Z ×Z, φ× idZ). The right ation of (Γ⇒M)× (Z ×Z ⇒ Z) on
(Z × Z, φ× idZ) is given by:
(z, z1) ·
(
γ, (z1, z2)
)
= (z · γ, z2),
for all γ ∈ Γ and z, z1, z2 ∈ Z with s(γ) = φ(z).
Convention 4.10. We shall from now introdue the shorthands Γ̂⇒ M̂ for
(Γ ⇒ M) × (Z × Z ⇒ Z), Ŝ for X (S) = S × Z, (Ẑ, φ̂) for X
(
(Z, φ)
)
=
(Z × Z, φ× idZ).
The reader should have in mind the previous onventions for a orret un-
derstanding of the oming proposition:
Proposition 4.11. Let notations be as in the lines before. The resolution
(Ẑ, φ̂) is L-ompatible, where L = {(φ(z), z)|z ∈ Z}.
Proof. Let L˜ ⊂ Zˆ = Z × Z be the diagonal. The map φ̂ = φ × id restrits
to a biholomorphism / dieomorphism from L˜ to its image L, whih is a
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submanifold of M × Z. Now, L˜ is transverse to the ation of Γ̂ ⇒ M̂ on
Ẑ = Z ×Z, sine the tangent spae at a point (z, z) ∈ L˜ of the leaves of the
Γ′ ation always ontain the spae {(0, u), u ∈ TzM}, so that its sum with
the tangent spae of the diagonal is T(z,z)(M × Ẑ). It learly intersets all
the Γ̂-orbit, sine (z, z′) ∈ Zˆ = Z ×Z and (z, z) are in the same Γ̂-orbit.
Let R̂ ⇒ L̂ be the Lie subgroupoid full in S ′ orresponding to L˜ as in
Proposition 4.8 (1). The next orollary follows immediately from Proposition
4.8 (3).
Corollary 4.12. The resolution (Z(R̂), φ bR) assoiated to R̂ ⇒ L̂ is the
resolution (Ẑ, φ̂) orresponding to (Z, φ) via the Morita equivalene X . In
equation:
(Z, φ) = X−1
(
(Z(R̂), φ bR)
)
4.3 The main theorem.
We start with a proposition, whih means that "Full Lie subgroupoids give
isomorphi resolutions if and only if they are Morita equivalent".
Proposition 4.13. Let X be a Morita equivalene between Γ⇒M and Γ′ ⇒
L′, S a Γ-stable submanifold of M , and S ′ = X (S), R ⇒ L a subgroupoid
full in S, and R′ ⇒ L′ a subgroupoid full in S'.
Then the following are equivalent:
(i) the resolutions X
(
(Z(R), φR)
)
and (Z(R′), φR′) oinide
(ii) there exists a Morita equivalene of Lie subgroupoids of the form (X ,Y, i)
between the subgroupoids R⇒ L of Γ⇒M and R′ ⇒ L′ of Γ′ ⇒M ′.
Remark 4.14. In fat, the proof will show that the pair (Y, i) that appears in
item (ii) of the proposition is unique when it exists (up to isomorphism, see
onvention 3.10). Reall also from onvention 3.10 that a Morita equivalene
of Lie subgroupoids of the form (X ,Y, i) is in fat given by a submanifold Y
of X. Our preise laim is that this submanifold is unique: this follows from
step 4 in the proof below.
Proof. We rst prove that (i) and (ii). Assume that
X
(
(Z(R), φR)
)
= (Z(R′), φR′).
Denote by L˜, L˜′ the submanifolds of Z(R) and Z(R′) = X
(
(Z(R), φR)
)
re-
spetively, onstruted as in Example 4.7, to whih the restritions of φ and
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φ′ respetively is a biholomorphism / dieomorphism onto L and L′ respe-
tively.
Step 1. Constrution of Y . Sine p is a submersion, and sine the restrition
of φ to L˜ is invertible,
P := L˜×φ,L,pX
is a submanifold of Z(R) ×φR,M,p X, and the projetion onto the seond
omponent is in fat an isomorphism on its image, whih is preisely p−1(L) ⊂
X. Let Y be the inverse image of L˜′ through the restrition to P of the
natural projetion:
Π : Z(R)×φ,M,p X 7→
Z(R)×φ,M,p X
(z, x) ∼ (zγ−1, γx)
.
The set Y is by onstrution a subset of P , but sine P an be seen as a
subset of X, we may onsider Y as a subset of X. We have to show that
Y ⊂ X gives a Morita equivalene between R ⇒ L and R′ ⇒ L′. This fat
is established in the steps 2,3 and 5 below.
Step 2. Y ⊂ X is a submanifold. To prove this fat, it sues to show that
the restrition of Π to P is a submersion onto Z(R′), whih an be done as
follows. Let z′ ∈ Z(R′) be a point, (z, x) ∈ L˜ ×φ,M,p X with Π(z, x) = z
′
.
Choose u ∈ Tz′Z(R
′) a tangent vetor, and ε 7→ z′(ε) an innitesimal path
orresponding to u. Sine the natural projetion map Z(R) ×φ,M,p X →
Z(R′) is a submersion, there exists an innitesimal path, starting at (z, x),
ε 7→
(
z(ε), x(ε)
)
in Z(R) ×φ,M,p X → Z(R
′) that projet on ε → z′(ε). Sine the natu-
ral projetion ΓL 7→ R\ΓL is also a surjetive submersion, there exists an
innitesimal path ε 7→ γ(ε) ∈ ΓL whih projets to z(ε). In partiular,
z(ε) · γ−1(ε) belongs to L˜ by onstrution for all value of ε, so that
ε 7→
(
z(ε) · γ−1(ε), γ(ε) · x(ε)
)
is a path in P . The image through P of this last path is z′(ε) again. Hene
P is a submersion, and Y is a submanifold of X.
Step 3. The ation the R-ation on Y . It follows diretly from the denition
of Y that, for every y ∈ Y , and every ompatible r ∈ R, r′ ∈ R′, r · y · r′ is
again an element in Y . Sine the left Γ-ation on X is free, the left ation
of R ⇒ L on Y is again free. Sine the left Γ-ation on X is proper, and
sine R⇒ L is a losed subgroupoid, the left ation of R⇒ L on Y is again
proper.
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Step 4. A haraterization of Y . Sine Π is a submersion, the inverse image
of L˜′ ∩ S through Π is an open and dense subset of Y . This subset is learly
equal to
XL
′∩S′
L∩S = p
−1(L ∩ S) ∩ (p′)−1(L′ ∩ S ′)
so that Y , being a losed subset ofXL
′
L := p
−1(L)∩(p′)−1(L′) by onstrution,
is in fat equal to the losure of XL
′∩S′
L∩S in X
L′
L . In equation:
.
Step 4. The R-ation is transitive on the bers of p′. Sine R⇒ L is full in
S, the ation of R⇒ L is transitive on the bers of
p′ : XL
′∩S′
L∩S 7→ L
′ ∩ S ′,
sine if y1, y2 ∈ XL
′∩S′
L∩S satisfy p
′(y1) = p′(y2), then the unique element γ ∈ Γ
with y1 = γ · y2 has its soures and targets in L ∩ S, hene its belongs to R.
Let us show that the R-ation being proper, it has to be also transitive on all
the bers of p′|Y . Let y
1, y2 ∈ Y be two elements with p′(y1) = p′(y2). Sine
p′|Y is a submersion, there exists sequenes (y
1
n)n∈N, (y
2
n)n∈N in (p
′)−1(L∩S)
that onverge to y1 and y2 respetively, and suh that
p′(y1n) = p
′(y2n) for all n ∈ N.
There exist a sequene (rn)n∈N s.t. y
1
n = rny˙
2
n for all n ∈ N. The ation being
proper, one an extrat a subsequene of the sequene (rn)n∈N onverges to
an element r ∈ R whih satises y1 = ry˙2.
Step 5. The restrition of p′ is a submersion onto L, and the R′-ation is
free, proper, and transitive on the bers of p′. In our way to prove that
Y gives a Morita equivalene between R and R′, we have only obtained so
far half of the requirements. The seond half an be in fat obtained by
symmetry of the whole piture. By inverting the roles of L and L′ in the
previous onstrutions, one obtains an other subset Y ′ of X. More preisely,
Y ′ is the inverse image of L˜ through the restrition to P ′ = X ×p′,L,φ′ L˜
(whih an be seen as a subset of X) of the natural projetion
Z ×φ,M,p X 7→
Z ×φ,M,p X
(z, x) ∼ (zγ−1, γx)
As before, we an arrive at the onlusion that Y ′ is the losure in XL
′
L of
XL
′∩S′
L∩S . In partiular, we have Y
′ = Y . Therefore, sine we have already
proven that the restrition of p′ to Y is a submersion onto L′, the bers
of whih are given the free and proper R-ation, we an onlude without
additional eort, due to that symmetry, that the restrition of p to Y is
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a submersion onto L, the bers of whih are given by the free and proper
R′-ation.
This ompletes the rst part of the proof.
We now turn our attention to the other diretion. Assume that (ii) is sat-
ised, i.e. that there exists a Morita equivalene (X ,Y, i) between the sub-
groupoids R⇒ L of Γ⇒M and R′ ⇒ L′ of Γ′ ⇒M ′, and that this Morita
equivalene is given by a submanifold Y ⊂ X (see onvention 3.10).
For all (γ, x) ∈ ΓL ×t,M,p X, there exists an element γ
′ ∈ Γ′L′ whih satises
that γ · x · (γ′)−1 ∈ Y . This element is not unique, but two of them dier by
left multipliation by an element of R′. Hene, we have a well-dened map:
Ξ : ΓL ×t,M,p X 7→ Z(R
′).
Let us prove that this map is a submersion. Choose an arbitrary z′ ∈ Z(R′)
and u ∈ Tz′Z(R
′). Let (γ, x) ∈ ΓL ×t,M,p X suh that Ξ(γ, x) = z, and
let ε 7→ γ′(ε) by a path in Γ′L′ whose image through the natural projetion
onto Z(R′) is an innitesimal path orresponding to u. Let ε 7→ x(ε) be an
innitesimal path in X starting from x ∈ X suh that x(ε) · (γ′(ε))−1 is well
dened for all ε small enough. By onstrution, the path
ε 7→ p′
(
x(ε) · (γ′(ε))−1
)
takes in values in L′, so that there exists an innitesimal path ε 7→ γ(ε) suh
that γ(ε) · x(ε) · (γ′(ε))−1 is in Y for all ε small enough. By onstrution the
path
ε 7→ Ξ
(
γ(ε), x(ε)
)
is the path ε 7→ [γ′(ε)] (where [·] stands for the lass of an element in Γ′L′
modulo R′), i.e. is an innitesimal path that orresponds to u. This om-
pletes the proof of the laim.
The submersion Ξ goes to the quotient under the right-ation of R ⇒ L on
ΓL to dene a submersion
Z(R)×φ,M,p X 7→ Z(R
′)
whih, in turn, goes the quotient with respet to the diagonal ation of
Γ⇒M on Z(R)×φ,M,p X to eventually dene a submersion:
X
(
Z(R)
)
=
Z(R)×φ,M,p X
(z, x) ∼ (zγ−1, γx)
7→ Z(R′).
This map an be easily heked to be one-to-one and equivariant w.r.t. the
right Γ′-ation. It is therefore an isomorphism of equivariant resolution.
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Altogether, Proposition 4.13, and the onstrutions given in Setions 4.1 and
4.2 amount to the following theorem.
Theorem 4.15. Let Γ⇒M be a Lie groupoid, and S a Γ-stable submanifold
in M . There is a natural one-to-one orrespondene between Γ-resolutions of
S and substaks of [Γ] full in S. Under this orrespondene, surjetive reso-
lutions orresponds to surjetive substaks and proper resolutions orrespond
to proper substaks.
Proof. A representative of a substak of [Γ] full in S is by denition a pair
(Γ′,X , R′) with X a Morita equivalene from Γ to Γ′ and S a Lie subgroupoid
of Γ′ ⇒M ′ full in X (S).
To this representative of a substak of [Γ], we assign the resolution
X−1
(
Z(R′), φR′
)
.
We now hek that this assignment makes sense: let (Γ′1,X1, R1) and (Γ
′
2,X2, R2)
be two representatives of the same substak of [Γ], that is to say suh that
there exits a Morita equivalene of subgroupoids (X ′,Y, i) between the sub-
groupoids R′1 and R
′
2 where X
′ = X2 ◦ X
−1
1 . Then, aording to Proposition
4.13, we have X ′
(
Z(R′1), φR′1
)
=
(
Z(R′2), φR′2
)
, or, equivalently,
X−11
(
Z(R′1), φR′
1
)
= X−12
(
Z(R′2), φR′
2
)
.
In words, the previously dened assignment is ompatible with respet to
Morita equivalene and denes an assignment from substaks of [Γ] full in S
to resolutions of S. This assignment is injetive, for, if
X−11
(
Z(R′1), φR′
1
)
= X−12
(
Z(R′2), φR′
2
)
,
then X ′ = X 2 ◦ X
−1
1 maps (Z(R
′
1), φR′1) to (Z(R
′
1), φR′1), so that, by Propo-
sition 4.13 again, R′1 and R
′
2 are Morita equivalent Lie subgroupoids.
Now, in Setion 4.2, we have onstruted, given a resolution (Z, φ) a triple
(Γ′,X , R′) with X−1
(
(Z(R′), φ)
)
= (Z, φ), whih proves the surjetivity of
the assignment. This ompletes the proof of the rst part of the theorem.
The seond part follows from item 4) and 5) in proposition 4.2
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